Abstract. We study the action of the Klein simple group PSL2(F7) consisting of 168 elements on two rational threefolds: the three-dimensional projective space and a smooth Fano threefold X of anticanonical degree 22 and index 1. We show that the Cremona group of rank three has at least three non-conjugate subgroups isomorphic to PSL2(F7). As a by-product, we prove that X admits a Kähler-Einstein metric, and we construct a smooth polarized K3 surface of degree 22 with an action of the group PSL2(F7).
Introduction
The Cremona group of rank n, usually denoted by Cr n (C), is the group of birational automorphisms of the complex projective space P n . It is well-known that Cr 1 (C) = Aut(P 1 ) ∼ = PGL 2 (C). For n 2, the structure of the group Cr n (C) is much more complicated than of its subgroup Aut(P n ). So one possible way to study the Cremona groups of high rank is by analyzing their finite subgroups.
Finite subgroups in Cr 1 (C) ∼ = PGL 2 (C) are cyclic, Z 2 × Z 2 , dihedral, A 4 , and A 5 . Two finite subgroups in Cr 1 (C) are conjugate if and only if they are isomorphic. Finite subgroups in Cr 2 (C) have been almost completely classified in [12] . This is an important and still active research direction originating in the works of Kantor, Bertini, and Wiman.
Example 1.1 ([5, Theorem B.2])
. Let G be a finite simple non-abelian subgroup. Then Cr 2 (C) has a subgroup isomorphic to G if and only if G is one of the following groups: A 5 , PSL 2 (F 7 ) or A 6 . The group Cr 2 (C) has exactly 3, 2 and 1 non-conjugate subgroups isomorphic to A 5 , PSL 2 (F 7 ) and A 6 , respectively.
Much less is known about finite subgroups in Cr 3 (C). In fact, they were so poorly understood until recently that Serre asked the following Inspired by Question 1.2 and using methods of modern three-dimensional birational geometry, Prokhorov proved the following . Suppose that G is a finite simple non-abelian subgroup. Then Cr 3 (C) has a subgroup isomorphic to G if and only if G is one of the following groups: A 5 , PSL 2 (F 7 ), A 6 , A 7 , PSL 2 (F 8 ) or PSU 4 (F 2 ).
Then applying the Nadel-Shokurov vanishing theorem (see Theorem 2.2, [23, Theorem 9.4.8]) we obtain an upper bound on the number of irreducible components of the G-orbit of S with some additional information (for example, if S is a point, then the points in its G-orbit must impose independent linear conditions on sections in H 0 (O P 3 (4))). If S is a curve, then the Kawamata subadjunction theorem (see Theorem 2.10, [21, Theorem 1] ) implies that S is smooth, and we can proceed with applying the Nadel-Shokurov vanishing theorem, the Riemann-Roch theorem, the Castelnuovo bound (see Theorem 2.14, [17, Theorem 6.4] ), and the Corti inequality (see Theorem 2.5, [10, Theorem 3.1]), to prove that S = C 6 . If S is a point, then analyzing small G-orbits in P 3 , we see that the G-orbit of the point S consists of either 8 or 28 points (see Lemmas 3.2 and 5.12) . Note that there is a unique G-orbit in P 3 consisting of 8 points, and there are exactly two G-orbits in P 3 consisting of 28 points (see Lemma 3.2) . Thus, all potentially dangerous (for the proof of Theorem 1.9) G-invariant subvarieties in P 3 are explicitly described. This is localization of log canonical centers.
Let us denote by Σ the union of the curve C 6 , the G-orbit consisting of eight points, and both G-orbits consisting of 28 points. Now we can use brute force to prove that (P 3 , λM) is canonical along Σ keeping in mind that multC 6 (M) 1/λ. Then we conclude that (P 3 , 2λM) is not log canonical outside of the subset Σ. Thus, there exists µ ′ < 2λ such that (P 3 , µ ′ M) is strictly log canonical outside of Σ. Let S ′ be a minimal center of log canonical singularities of the log pair (P 3 , µ ′ M) that is not contained in Σ. Note that S ′ exists by construction. If S ′ is a point, then we can proceed as before and easily obtain a contradiction with the Nadel-Shokurov vanishing theorem. Thus, we conclude that S ′ is a curve. If S ′ and Σ are disjoint, then we also can proceed as before and obtain a contradiction with the Kawamata subadjunction theorem, the Nadel-Shokurov vanishing theorem, the Riemann-Roch theorem, the Castelnuovo bound, the Corti inequality, etc. This is isolation of log canonical centers.
If S ′ is a curve and S ′ ∩ Σ = ∅, then we have a problem. Indeed, we can not apply the Kawamata subadjunction theorem to S ′ , because the log pair (P 3 , µ ′ M) may no longer be log canonical in the points of the finite set S ′ ∩ Σ if µ ′ > µ. Recall that µ is a rational number such that (P 3 , µM) is strictly log canonical, i.e. log canonical and not Kawamata log terminal. To solve this new problem, we have to isolate and localize new log canonical centers again, i.e. to repeat the previous arguments to the union of Σ and new potentially dangerous curves in P 3 . And then there is a chance that we have to repeat this process again and again. So all together this looks messy. And the proof of Theorem 1.9 is messy. To simplify it, we describe all potentially dangerous log canonical centers before the proof, and then we try to localize and isolate them together at once.
We organize this paper in the following way. In Section 2, we recall several well-known preliminary results. In Section 3, we collect results about the action of the group PSL 2 (F 7 ) on P 3 . In Section 4, we collect results about the threefold constructed in Example 1.8. In Section 5, we prove Theorem 1.9 using results obtained in Section 3. In Section 6, we prove Theorems 1.10 and 1.12 using results obtained in Section 4. In Appendix A, we describe Mukai's construction of Fano threefolds of degree 22 . In Appendix B, we collect elementary results about the groups PSL 2 (F 7 ) and SL 2 (F 7 ). Throughout the paper we use standard notation for cyclic, dihedral, symmetric and alternating groups. For a group Γ we denote by 2.Γ a (non-trivial) central extension of Γ by the central subgroup Z 2 .
Preliminaries
Throughout the paper we use the standard language of the singularities of pairs (see [22] ). By strictly log canonical singularities we mean log canonical singularities that are not Kawamata log terminal.
Let X be a variety that has at most log terminal singularities, and let B X be a formal Q-linear combination of prime divisors and mobile linear systems B X = r i=1 a i B i + s j=1 c j M j , where B i and M j are a prime Weil divisor and a linear system on the variety X that has no fixed components, respectively, and a i and c j are non-negative rational numbers. Note that we can consider B X as a Weil divisor. Suppose that B X is a Q-Cartier divisor.
Definition 2.1. We say that B X and (X, B X ) are mobile if a 1 = a 2 = . . . = a r = 0.
Let π :X → X be a log resolution for the log pair (X, B X ), letB i andM j be the proper transforms of the divisor B i and the linear system M j on the varietyX, respectively. Then
where E i is an exceptional divisor of the morphism π, and d i is a rational number. Put
⌊a i ⌋B i , and recall that I(X, B X ) is known as the multiplier ideal sheaf (see [23, Section 9 .2]).
Theorem 2.2 ([23, Theorem 9.4.8])
. Let H be a nef and big Q-divisor on X such that K X + B X + H ∼ Q D for some Cartier divisor D on the variety X. Then H i (I(X, B X ) ⊗ D) = 0 for every i 1.
Let L(X, B X ) be a subscheme given by the ideal sheaf I(X, B X ). Put LCS(X, B X ) = Supp(L(X, B X )).
Remark 2.3. If the log pair (X, B X ) is log canonical, then the subscheme L(X, B X ) is reduced.
Let Z be an irreducible subvariety of the variety X. . The subvariety Z is said to be a center of log canonical singularities (non-log canonical singularities, respectively) of the log pair (X, B X ) if
• either a i 1 (a i > 1, respectively) and Z = B i for some i ∈ {1, . . . , r},
, respectively) and Z = π(E i ) for some i ∈ {1, . . . , m} and some π.
Let LCS(X, B X ) and NLCS(X, B X ) be the sets of centers of log canonical and non-log canonical singularities of the log pair (X, B X ), respectively. Then NLCS(X, B X ) ⊆ LCS(X, B X ).
Theorem 2.5 ([10, Theorem 3.1]). Suppose that dim(X) = 2, the set NLCS(X, B X ) contains a point P ∈ X \ Sing(X), the boundary B X is mobile and s = 1. Then Let us denote by NLCS(X, B X ) the proper subset of the variety X that is a union of all centers in NLCS(X, B X ). Definition 2.6 ([6, Definition 2.2]). The subvariety Z is said to be a center of canonical singularities (non-canonical singularities, respectively) of the log pair (X, B X ) if Z = π(E i ) and d i 0 (d i < 0, respectively) for some i ∈ {1, . . . , m} and some choice of the morphism π.
Let CS(X, B X ) and NCS(X, B X ) be the sets of centers of canonical and noncanonical singularities of the log pair (X, B X ), respectively. Then NCS(X, B X ) ⊆ CS(X, B X ).
Theorem 2.7 ([10, Corollary 3.4]). Suppose that dim(X) = 3, the set NCS(X, B X ) contains a point P ∈ X \ Sing(X), the boundary B X is mobile and s = 1. Then
where M 1 and M ′ 1 are general surfaces in the linear system M 1 . Let us denote by NCS(X, B X ) the proper subset of the variety X that is a union of all centers in NCS(X, B X ).
Lemma 2.8. Suppose that X is smooth at a general point of the subvariety Z.
Proof. This is obvious, because X is smooth at a general point of Z.
Suppose that Z ∈ LCS(X, B X ) and (X, B X ) is log canonical along Z.
Suppose that Z is a minimal center in LCS(X, B X ) (see [20] , [21] , [7, Definition 2.8]).
Theorem 2.10 ([21, Theorem 1]). The variety Z is normal and has at most rational singularities. If ∆ is an ample Q-Cartier Q-divisor on X, then there exists an effective Q-divisor B Z on the variety Z such that
and (Z, B Z ) has Kawamata log terminal singularities.
Let G be a finite subgroup of the group Aut(X).
Lemma 2.11. Let P , C and S be a point, curve and surface in X, respectively. Suppose that Sing(X) ∋ P ∈ C ⊂ S and dim(X) = 3. Suppose that P and C are G-invariant, and either G ∼ = A 4 or G ∼ = Z 7 ⋊ Z 3 . Then mult P (C) 3 and the surface S is singular at the point P ∈ X.
Proof. Let γ : U → X be a blow up of the threefold X at the point P , let E be the γ-exceptional divisor, and letC be the proper transforms of the curve C on the threefold U . Then mult P (C) |C ∩ E|.
The group G naturally acts on E ∼ = P 2 . This action comes from a faithfull three-dimensional representation of the group G, which must be irreducible, because the group G does not have two-dimensional irreducible representations and the group G is not abelian. Thus |C ∩ E| 3, and the points of the setC ∩ E are not contained in a single line in E ∼ = P 2 , which immediately implies that the surface S must be singular at the point P ∈ X.
Suppose that B X is G-invariant. Recall that (X, B X ) is log canonical.
Remark 2.12. Let g be an elements in G. Then g(Z) ∈ LCS(X, B X ). By Lemma 2.9, we have Z ∩ g(Z) = ∅ ⇐⇒ Z = g(Z).
Suppose that B X is ample. Take an arbitrary rational number ǫ > 1.
Lemma 2.13. There is a G-invariant linear system B on the variety X that has no fixed components, and there are rational numbers ǫ 1 and ǫ 2 such that 1 ǫ 1 ≫ 0 and 1 ≫ ǫ 2 0 and
the log pair (X, ǫ 1 B X + ǫ 2 B) is log canonical along g(Z) for every g ∈ G, the equivalence ǫ 1 B X + ǫ 2 B ∼ Q ǫB X holds, and NLCS(X, ǫ 1 B X + ǫ 2 B) = NLCS(X, B X ). Let C be a smooth irreducible curve in P 3 of genus g and degree d.
Theorem 2.14 ([17, Theorem 6.4] ). If C is not contained in a hyperplane in P 3 , then
Suppose, in addition, that G ∼ = PSL 2 (F 7 ) and C admits a faithful action of the group G.
Lemma 2.15. Let Σ be a G-orbit of a point in C. Then |Σ| ∈ {24, 42, 56, 84, 168}.
Proof. This follows from Lemma B.1, since stabilizer subgroups of all points in X are cyclic. 3  1  0  1  1  8  0  1  2  0  10  1  1  0  1  15  0  2  1  0  15  0  0  1  3  17  1  0  2  0  19  2  0  0  1  22  0  3  0  0  22  0  1  0  3  24  1  1  1  0  29  0  0  2  2 Proof. It follows from the classification of finite subgroups of the group PGL 2 (C) that g = 0, and it follows from the non-solvability of the group G that g = 1.
Let Γ ⊂ G be a stabilizer of a point in C. Then Γ ∼ = Z k for k ∈ {1, 2, 3, 4, 7} by Lemma B.1. PutC = C/G. ThenC is a smooth curve of genusḡ. The Riemann-Hurwitz formula gives 2g − 2 = 168 2ḡ − 2 + 84a 2 + 112a 3 + 126a 4 + 144a 7 , where a k is the number of G-orbits in C with a stabilizer of a point isomorphic to Z k .
Since a k 0, one hasḡ = 0, and 2g − 2 = −336 + 84a 2 + 112a 3 + 126a 4 + 144a 7 , which easily implies the required assertions.
Remark 2.17. We do not claim that every case listed in Lemma 2.16 is realized.
Let L be a G-invariant line bundle on the curve C (see [11, §1] ). 23 and L is a G-linearizable line bundle (see [11, §1] 
Proof. If L is G-linearized, then there is a natural linear action of the group G on H 0 (O C (L)), and the required assertion follows from Lemma 2.15 and Appendix B. Proof. It follows from [11, page 6] that there exists G-linearizable line bundle γ on C of degree 6 that generates the group of all G-linearizable line bundles on C. Then it follows from [11, Proposition 2.2] that 3 | deg(L).
Projective space
Let ζ be a primitive seventh root of unity, letĜ be a subgroup in SL 4 (C) such thatĜ
and let us denote by the symbol U 4 the corresponding faithful four-dimensional representation of the groupĜ (cf. Appendix B). ThenĜ ∼ = SL 2 (F 7 ) and U 4 is irreducible (see [25] , [9] ).
Let φ : = 1 ). Let G P be a stabilizer subgroup in G of the point P , and letĜ P be the preimage of the subgroup G P under φ. If |Σ| = 21, thenĜ P ∼ = 2.D 4 , which is impossible by Lemma B.9. If |Σ| ∈ {7, 14}, thenĜ P has a subgroup isomorphic to 2.A 4 , which is also impossible by Lemma B.9. Thus, we see that |Σ| ∈ {8, 24, 28}. Suppose that |Σ| = 8. Then it follows from Lemmas B.1 and B.7 that G P ∼ = Z 7 ⋊ Z 3 , the orbit Σ does exist, the point P is the unique G P -invariant point in P 3 , and Σ is unique, since all subgroups of the group G that are isomorphic to Z 7 ⋊ Z 3 are conjugate by Lemma B.1.
Suppose that |Σ| = 24. Then G P ∼ = Z 7 andĜ P ∼ = Z 14 . Take any g ∈Ĝ P such thatĜ P = g , and let R n be a one-dimensional representation of the groupĜ P such that g acts on R n by multiplication by −ζ n . For a suitable choice of g, we have isomorphism ofĜ P -representations U 4 ∼ = R 0 ⊕ R 1 ⊕ R 2 ⊕ R 4 , which implies that P 3 contains exactly 3 different points besides P ∈ P 3 , say P 1 , P 2 and P 3 , that are fixed by the group G P . There is a unique subgroup H ⊂ G such that Z 7 ⋊ Z 3 ∼ = H ⊃ G P , and we may assume that the point P 1 is H-invariant (that is, corresponds to the subrepresentation R 0 ). Then its G-orbit consists of eight points. Thus, we see that {P, P 2 , P 3 } is a H-orbit, which implies that the orbit Σ exists and it is unique.
Suppose that |Σ| = 28. Then G P ∼ = S 3 . The action of G P on P 3 is induced by a four-dimensional representation of 2.S 3 . By Lemma B.9, this representation splits as a sum of an irreducible two-dimensional representation and two non-isomorphic one-dimensional representations. Thus, there is a unique point P ′ ∈ P 3 such that P = P ′ and P ′ is fixed by G P . On the other hand, the group G contains exactly 28 subgroups isomorphic to S 3 . Moreover, it easily follows from Lemma B.9 that two different subgroups in G isomorphic to S 3 generates either a subgroup isomorphic to S 4 or the whole group G. Thus, it follows from Lemma B.9 that no two of these 28 subgroups isomorphic to S 3 can fix one point in P 3 . Thus, there are exactly two G-orbits in P 3 consisting of 28 points.
Let Σ 8 , Σ 24 and Σ 28 = Σ ′ 28 be G-orbits in P 3 consisting of 8, 24 and 28 points, respectively.
The groupĜ naturally acts on , and e = 7ab + x 7 2 + x 7 3 + x 7 4 . Furthermore, put Φ 4 = 2x 4 1 + 6ax 1 + b and Φ 6 = 8x Let F i be a surface in P 3 that is given by the equation
and let F ′ 8 be a surface in P 3 that is given by Φ ′ 8 (x 1 , x 2 , x 3 , x 4 ) = 0. Theorem 3.5 ([25, Theorem 1]). There are no G-invariant odd degree surfaces in P 3 , there are no G-invariant quadric surfaces in P 3 , and the only G-invariant quartic surface in P 3 is the surface F 4 .
One can check that the surface F 4 is smooth.
Proof. This follows from explicit computations. We used the Magma software [2] to carry them out.
There is a G-invariant irreducible smooth curve C 6 ⊂ P 3 of genus 3 and degree 6 such that Σ 24 = C 6 ∩ F 4 , and C 6 is an intersection of cubic surfaces in P 3 (see [15, page 154], [11, Example 2.8]).
Proof. By Corollary B.2, we may assume that the curve C is irreducible. If the curve C is singular, then |Sing(C)| 8 by Lemma 3.2, which easily leads to a contradiction by applying Lemma 2.15 to the normalization of the curve C. Then C is smooth. Since U 4 is an irreducible representation of the groupĜ, the curve C is not contained in a plane in P 3 . Then C is a curve of genus 3 and degree 6 by Theorem 2.14 and Lemma 2.16. By Theorem 2.19, there is a unique G-invariant line bundle of degree 6 on the curve C, which implies that the embedding C ֒→ P 3 is unique up to the action of the group Aut G (P 3 ). But Aut G (P 3 ) = G by Remark 3.1, which implies that C = C 6 .
Note that C 6 ∩ Σ 8 = ∅ by Lemma 2.15.
commutes and G, τ ∼ = G × Z 2 , where α and β are blow ups of the curve C 6 .
Proof. The existence of the commutative diagram (3.9) is well-known (see [11, Remark 6.8] ), the isomorphism G, τ ∼ = PSL 2 (F 7 ) × Z 2 follows from the last three lines of the proof of [11, Lemma 6.4] .
Let us introduce a G-invariant curve in P 3 , which has never been mentioned in the literature. Proof. Let C be the genus 3 curve introduced in Example 1.8. Then Aut(C) ∼ = G, which implies that C admits a natural action of the group G. It follows from Theorem 2.19 that Pic G (C) = θ , where θ is a G-invariant line bundle of degree 2. By [11, Lemma 6.4], there exists an isomorphism H 0 (O C (7θ)) ∼ = U 4 ⊕ U 8 , where U 8 is an irreducible eight-dimensional representation of the groupĜ (see Appendix B).
The linear system |7θ| gives a G-equivariant embedding ρ : C ֒→ P 11 such that there exist unique G-invariant linear subspaces Π 3 and Π 7 in P 11 of dimensions 3 and 7, respectively. Then ρ(C) ∩ Π 7 = ∅ by Lemma 2.15. Let ι : P 11 Π 3 be a G-equivariant projection from Π 7 , put C 14 = ι • ρ C , and identify Π 3 with our P 3 . Then C 14 ⊂ P 3 is an irreducible G-invariant curve of degree 14.
Let Let T be a vector subspace in H 0 (O C (7θ)) that consists of sections vanishing at the subset Σ 3 , and let
Take a subgroupĤ ⊂Ĝ such that φ(Ĥ) = H. Then it follows from Lemma B.7 that
, because T does not contain one-dimensionalĤ-subrepresentations, since the curve C does not contain H-invariant subsets consisting of deg(7θ) − 3 = 11 points. Hence
Let us denote the points in Σ 8 by O 1 , O 2 , . . . , O 8 , and let us denote by Q the linear system of quadric surfaces in P 3 that pass through Σ 8 .
Example 3.11. The log pair (P 3 , 2Q) is canonical. But NLCS(P 3 , 4Q) = Σ 8 .
Let π : U → P 3 be the blow up of the subset Σ 8 , let E i be the exceptional divisor of the birational morphism π such that π(E i ) = O i for every i. Then there is a commutative diagram
where ψ is a rational map that is given by Q, and η is an elliptic fibration.
Lemma 3.13. The curve C 14 has an ordinary triple point at every point of the set Σ 8 , the proper transform of the curve C 14 on the threefold U is smooth, the curve C 14 is smooth outside of the points of the set Σ 8 , the map ψ : P 3 P 2 induces a birational map C 14 ψ(C 14 ), the curve ψ(C 14 ) is a smooth curve of genus 3 and degree 4, the intersection C 6 ∩ C 14 is empty.
Proof. LetC 14 andQ be the proper transforms of the curve C 14 and a general surface in Q on the threefold U , respectively. Then
by Lemma 2.11. Thus
which implies thatC 14 has an ordinary triple point at every point of the set Σ 8 . Since 4 = 2deg(C 14 ) − 24 =Q ·C 14 , we see that η(C 14 ) is a smooth curve of genus 3 and degree 4 by Lemma B.5. ThereforeC 14 ∼ = η(C 14 ), which implies that C 14 is smooth outside of the points of the set Σ 8 . Let us show that C 6 ∩ C 14 = ∅. Suppose that C 6 ∩ C 14 = ∅. Then |C 6 ∩ C 14 | 56 by Lemma 2.16, since Σ 8 ⊂ C 6 . Let S be a general cubic surface in P 3 such that
56, because C 14 ⊂ S. Thus, the intersection C 6 ∩ C 14 is empty.
Lemma 3.14. Let C be a G-invariant curve such that deg(C) 15 and
Proof. LetC andQ be the proper transforms of the curve C and a general surface in Q on the threefold U , respectively. Then mult O i (C) |C∩E i | 3 by Lemma 2.11. Then
We may assume that C is a G-orbit of an irreducible curve Γ ⊂ P 3 . Then 6 2deg C − 24 =Q ·C = δdeg η C for some positive integer δ. We may assume that δ = 1 ifC is contracted by η. Thus, we have deg(C) ∈ {12, 13, 14, 15}, which implies that either deg(Γ) 2 or Γ = C (see Corollary B.2).
By Lemma B.5, we have deg(ψ(C)) ∈ {1, 2, 3}. Then deg(C) ∈ {12, 14, 15} and δ = 1. But
which implies that deg η(C) ∈ {0, 4, 6} by Lemma B.5.
Recall that G-invariant quartic curve and sextic curve in P 2 are irreducible (see Lemma B.5), which easily implies using (3.15) that either deg(Γ) = 1 and deg(C) = 12, or Γ = C.
If deg(Γ) = 1 and deg(C) = 12, then it follows from (3.15) that |η(C)| 12, which is impossible, since G-orbit of every point in P 2 consists of at least 21 points by Lemma B.6.
We see that Γ = C. ThenC is not contracted by η, since there is no G-invariant point in P 2 .
Suppose that deg(C) = 15. ThenC ∼ = ψ(C) and deg(ψ(C)) = 6, which immediately implies that ψ(C) is a smooth curve of genus 10 by Lemma B.5. Then there is a natural monomorphism
which contradicts Lemma 2.15, since SL 2 (F 7 ) has no irreducible two-dimensional representations. We see that deg(C) = 14. ThusC ∼ = ψ(C), which implies thatC is a smooth curve of genus 3. Arguing as in the proof of Lemma 3.10, we see that C = σ(C 14 ) for some σ ∈ Aut G (P 3 ). But Aut G (P 3 ) = G by Remark 3.1. Hence, we must have C = C 14 , since the curve C 14 is G-invariant.
Lemma 3.16. Let D be the linear system consisting of all quintic surfaces in P 3 that contain C 14 . Then D is not empty and does not have fixed components, a general surface in D has a double point in every point of the set Σ 8 , all curves contained in the base locus of the linear system D are disjoint from C 14 , a general surface in D is smooth in a general point of the curve C 14 , any two general surfaces in D are not tangent to each other along the curve C 14 .
Proof. LetC 14 be the proper transform of the curve C 14 on the threefold U , and let I be the ideal sheaf of the curveC 14 LetD be its proper transform of the surface D on the threefold U , and let Γ be a general fiber of the elliptic fibration η. Then 
If the base locus of the linear system D consists of the curve C 14 , then C 14 is a scheme-theoretic intersection of surfaces in D outside some finite subset of the curve C 14 , because µ = 1.
LetZ andB be the proper transforms of the curves Z and B on the threefold U , respectively, and letQ be a proper transform of a general quadric surface in Q on the threefold U . Then 
, which is a contradiction. Thus, we see that deg(B) = 6 and deg(Z) = 5.
By Lemma 3.7, we have B = C 6 . Therefore C 6 ∩ C 14 = ∅ by Lemma 3.13.
Let us study some properties of the subset Σ 28 ⊂ P 3 , which also hold for Σ ′ 28 . Lemma 3.17. Let Z be a G-invariant curve in P 3 that contains Σ 28 . Then deg(Z) 16 if the set Σ 28 imposes independent linear conditions on quartic surfaces in P 3 .
Proof. Suppose that the set Σ 28 imposes independent linear conditions on quartic surfaces in P 3 , and suppose that deg(Z) 15 . Let us derive a contradiction.
Without loss of generality, we may assume that Z is a G-orbit of an irreducible curve Z 1 .
Put Z = r i=1 Z i , where Z i is an irreducible curve in P 3 and r ∈ Z >0 . Then deg(Z) = rdeg(Z i ) 15 , which implies that r ∈ {1, 7, 8, 14} by Corollary B.2. Thus, if r = 1, then deg(Z i ) ∈ {1, 2}.
If deg(Z 1 ) = 2 and r = 1, then r = 7, which contradicts Lemma 3.2. Hence Z 1 is a line if r = 1.
Let Γ be the stabilizer subgroup in G of the curve Z 1 . If r = 7, then Γ ∼ = S 4 , which implies that |Z 1 ∩ Σ 28 | 6, which is impossible, since Σ 28 impose independent linear conditions on quartic surfaces.
LetΓ be the smallest subgroup of the groupĜ such that φ(Γ) = Γ. Then
, which contradicts Lemma B.7.
• if r = 14, thenΓ ∼ = 2.A 4 , which contradicts Lemma B.9.
Thus, we see that the curve Z is irreducible. By Lemma 2.15, the curve Z must be singular at every point of the set Σ 28 , which implies that Z = C 14 by Lemma 3.13. Hence Σ 8 ⊂ Z by Lemma 3.14.
Let A be a point in Σ 28 . Then there exists a quartic surface S ⊂ P 3 such that S contain all points of the set Σ 28 \{A} and the surface S does not contain the point A. Therefore If deg(Z) = 15, then Z ⊂ F 4 ∩ F 6 ∩ F ′ 8 by Lemma 2.15, since 60, 90 and 120 are not equal to 24n 1 + 42n 2 + 56n 3 + 84n 4 + 168n 5 for any non-negative integers n 1 , n 2 , n 3 , n 4 and n 5 . Then deg(Z) = 14 by Lemma 3.6.
LetZ be the normalization of the curve Z, and let g be the genus of the curveZ. Then (3.18) g 66 − Sing Z 38, because the projection from a general points of the curve Z gives us a birational isomorphism between Z and a plane curve of degree 13 with at least |Sing(Z)| singular points. Note that G naturally acts on both curves Z andZ. Let us show that Z \ Σ 28 is smooth.
Suppose that Sing(Z) = Σ 28 . Let Λ be a G-orbit of a point in Sing(Z)\Σ 28 . Then |Λ| 66 − |Σ 28 | = 38 by (3.18), and |Λ| ∈ {24, 28} by Lemma 3.2. If Λ = C 6 ∩ F 4 , then
where S is a general cubic surface such that C 6 ⊂ S. Thus, we see that |Λ| = 24 by Lemma 3.2, which implies that |Λ| = 28. Therefore, it follows from (3.18) and Lemma 2.16 that g ∈ {3, 8, 10} and the points of the set Λ ∪ Σ 28 must be singular points of the curve Z of multiplicity two, which implies thatZ has at least two G-orbits consisting of 56 points, which contradicts Lemma 2.16. Thus, we see that Z is smooth outside of the set Σ 28 . Let B be a sufficiently general point of the curve Z, let M be a linear system consisting of all quartic surfaces in P 3 that contain the set Σ 28 ∪ B. Then one has dim(M) 35
which is a contradiction. Thus, the curve Z is contained in the base locus of the linear system M, which implies that the linear system M is G-invariant, because Z is G-invariant. The linear system M does not have fixed components by Theorem 3.5 and M is not composed of a pencil by Remark 3.4. This implies, in particular, that the surface M is irreducible.
Let M ′ be another general surface in the linear system M. Put M · M ′ = µZ + Υ, where µ ∈ Z >0 , and Υ is an effective one-cycle such that Z ⊂ Supp(Υ). Then
which implies that µ = 1, and the base locus of the linear system M contain no curves except Z, because there are no G-invariant lines or conics in P 3 . Thus mult Z (M) = 1 and deg(Υ) = 2, which implies, in particular, that the surface M is uniruled. Let M ′′ be another general surface in the linear system M. Then the intersection M ∩M ′ ∩M ′′ consists of the curve C and the intersection Υ∩M ′′ , which immediately implies that the base locus of the linear system M consists of at most 8 points outside of the curve Z. Thus, it follows from Lemma 3.2 that either the base locus of the linear system M consists of the curve Z, or the base locus of the linear system M consists of the curve Z and the set Σ 8 .
Let Q be a general surface in the linear system Q.
Hence Z is the base locus of the linear system M. By adjunction formula, we see that the singularities of the surface M are not canonical, which implies that (P 3 , M) is not canonical by [22, Theorems 4.8.1 and 7.9] (cf. [22, Theorem 7.5] ). But Z ∈ NCS(P 3 , M), because mult Z (M) = 1. Thus, the set NCS(P 3 , M) contains a point P ∈ Z. Thus
Let Θ be the G-orbit of the point P . Then |Θ| 28 by Lemma 3.2, and
which is a contradiction.
Let R be a linear system consisting of all quartic surfaces in P 3 that pass through Σ 28 .
Lemma 3.19. If the set Σ 28 imposes independent linear conditions on quartic surfaces in P 3 , then every curve in the base locus of the linear system R contains no points of the set Σ 28 .
Proof. Let C be an irreducible curve in P 3 such that C is contained in the base locus of the linear system R, let Z be the G-orbit of the curve C, let R 1 and R 2 be general surfaces in R. Put R 1 · R 2 = µZ + Υ, where µ ∈ Z >0 , and Υ is an effective one-cycle such that C ⊂ Supp(Υ). Then 16 = deg(R 1 · R 2 ) = µdeg(Z) + deg(Υ), which implies that deg(Z) 15 by Remark 3.4. Now it follows from Lemma 3.17 that Σ 28 ⊂ Z and C ∩ Σ 28 = ∅ if the points of the set Σ 28 impose independent linear conditions on quartic surfaces in P 3 .
We do not know whether or not Σ 28 imposes independent linear conditions on quartic surfaces.
4.
Compactified moduli space of (1, 7)-polarized abelian surfaces Let C be a curve in P 2 that is given by the equation
where ǫ = −1/2 + √ −7/2. Then C is isomorphic to the curve described in Example 1.8 (see [24, page 55]). The action of the group G on the plane P 2 induces its natural action on the threefold X. Therefore, the vector space H 0 (O X (−K X )) has a natural structure of a 14-dimensional representation of the group G.
Theorem 4.5. In the notation of Appendix B, one has
Proof. We may assume that W ∼ = W 3 . By Theorem A.5, one has
, where all isomorphisms are isomorphisms of G-representations. Hence, we have Let us identify X with its anticanonical image in P 13 (see Appendix A).
Lemma 4.7. Let Q ⊂ X be a surface swept out by the lines contained in X. Then Q ∼ −2K X , and Q is irreducible.
Proof. By [34] , the surface Q is reduced and Q ∼ −2K X . Suppose that Q is reducible. Then Q = Q 1 ∪ Q 2 , where Q 1 and Q 2 are irreducible surfaces such that Q 1 = Q 2 . Then Q 1 ∼ Q 2 ∼ −K X , and both Q 1 and Q 2 must be G-invariant. On the other hand, there is a unique G-invariant surface in | − K X | is by Lemma 4.5, which is a contradiction.
In the remaining part of this section we are going to prove the following result. Proof. The minimal resolution of the surface F admits a faithful action of the group PSL 2 (F 7 ), which implies that F is smooth by [32, Claim 2.1] if it has at most canonical singularities. Let us show that F has at most canonical singularities (Du Val singularities). It is well-known that F has canonical singularities if and only if the surface F has rational singularities (see [22, Theorem 1.11] ). By Theorem 1.12, the log pair (X, F ) is log canonical.
Suppose that F has worse than canonical singularities. Let S be a minimal center in LCS(X, F ). Then S = F by Theorem 2.10, because F has worse than canonical singularities. Hence, either S is a curve or a point by Theorem 2.10. Let Z be the G-orbit of the subvariety S. Then Z ⊂ F .
Choose any ǫ ∈ Q such that 2 ≫ ǫ > 1. Then arguing as in the proof of [20, Theorem 1.10], we can find a G-invariant Q-divisor D such that D ∼ Q ǫF , the log pair (X, D) is log canonical, and every minimal center in LCS(X, D) is an irreducible component of the subvariety Z (see Lemma 2.13).
Let H be a sufficiently general hyperplane section of the threefold X, and let I Z be the ideal sheaf of the subvariety Z. Then there is an exact sequence of G-representations
because q ∈ {1, 7, 8} by Theorem 4.5, since Z ⊂ F . Hence S is not a point by Theorem 4.8. We see that S is a curve. Moreover, S is a smooth curve of genus g such that −K X · S = deg(S) 2g − 1 by Theorem 2.10. By Remark 2.12, the curve Z is a disjoint union of smooth irreducible curves. Let r be the number of connected components of the curve Z. Put d = deg(S). Then We see that r = 1. There is a natural faithful action of the group G on the curve S. But d = 13 + g − q 2g − 1, by (4.12), which implies that g 14 − q. Hence g ∈ {3, 8, 10} by Lemma 2.16.
Let us show that g = 3. Suppose that g = 3. Then g ∈ {8, 10}. It follows from (4.12) that q 14 − g 6, which implies that q = 1, because q ∈ {1, 7, 8}. Hence, it follows from (4.12) that d ∈ {20, 22}, which is impossible by Lemmas 2.20 and 2.21.
Thus, we have g = 3, so that d = 16 − q by (4.12), where q ∈ {1, 7, 8}. By Theorem 2.19, there is a G-invariant line bundle θ ∈ Pic(S) of degree 2 such that Pic G (S) = θ , which implies that q = 8 and
Let Q be a surface in X that is spanned by lines. Then Q is G-invariant. If S ⊂ Q, then |Q ∩ S| 2deg(S) = 16, which is impossible by Lemma 2.15. Thus, we see that S ⊂ Q ∩ F . By Lemma 4.7, the surface Q is irreducible, and Q ∼ −2K X . Let P be a general point in S. There exists a line
, which simply means L ⊂ F . Since g = 0, the generality of the point P ∈ S implies that the surface F is swept out by lines, which is impossible since Q ⊂ F . Remark 4.13. Let Σ be a G-invariant subset of the threefold X such that we have |Σ| ∈ {8, 14}, and let F be the unique G-invariant surface in | − K X |. Then F is smooth by Lemma 4.10. Since G acts symplectically on F , it follows from [42] that Σ ∩ F = ∅. Now we are going to prove Theorem 4.8. Put = X Γ ∈ Hilb 6 P 2 Γ is polar to the curve C ⊂ Hilb 6 P 2 .
Lemma 4.14. Let Σ be a G-orbit in such that |Σ| 20. Then |Σ| = 8 and Σ is unique.
Proof. It follows from [28, § 2.3] that there exists an effective one-cycle
on P 2 that corresponds to a point in Σ, where L i are lines in P 2 and m i are positive integers.
Without loss of generality, we may assume that m 1 . . . m r . Then Let us consider the lines L 1 , L 2 , L 3 as points in the dual projective planeP 2 with a natural action of the group G, and letĈ be the unique G-invariant quartic curve inP 2 . ThenĈ ∩ {L 1 , L 2 , L 3 } = ∅ by [28, Proposition 3.13], which easily implies that |Σ| = 8 and Σ is unique by Lemma 2.16. Therefore, to prove Theorem 4.8 it is enough to consider only G-orbits of points in X \ , which are points in X that can be represented by polar hexagons to the curve C.
Suppose that the assertion of Theorem 4.8 is false. Let us derive a contradiction. By Lemmas 4.14 and B.1, there are six lines L 1 , . . . , L 6 on P 2 such that
x, y, z , where L i (x, y, z) is a linear form such that L i is given by L i (x, y, z) = 0, and the stabilizer subgroup of the hexagon 6 i=1 L i in the group G is isomorphic either to Z 7 ⋊Z 3 or to S 4 . Lemma 4.17. Let g ∈ G be an element of order 7. Then
y, z) for some λ i ∈ C for every i ∈ {1, . . . , 6}, i. e. λ 1 , . . . , λ 6 are eigenvalues of the matrix M .
Since g has order 7, we have λ 7 1 = . . . = λ 7 6 = 1. We may assume that
. . , L 6 are different lines. Then λ 6 = λ 1 by (4.15). Thus one obtains
by (4.15), which easily implies that λ 4 1 = λ 4 6 = 1. Hence λ 1 = λ 6 = 1, which is a contradiction.
Let Γ be a stabilizer subgroup in G of the hexagon
by Lemma 4.17. We may assume that Γ = ψ(A), ψ(B), ψ(C) , because G has two subgroups isomorphic to S 4 up to a conjugation (see Lemma B.1), which are switched by an outer automorphism in Aut(G) that can be realized as a complex conjugation in appropriate coordinates.
Lemma 4.18. The group Γ acts transitively on the lines
Proof. Since the action of the group Γ on P 2 comes from an irreducible threedimensional representation of the group Γ, the Γ-orbit of every line in P 2 contains at least 3 lines. But the only Γ-invariant 3-tuple of lines in P 2 is given by xyz = 0.
Let Ω be a stabilizer subgroup in Γ of the line 
, where µ is a non-zero complex number. The hexagon
which implies that the quartic form x 4 + y 4 + z 4 + 3ǫ(x 2 y 2 + x 2 z 2 + y 2 z 2 ) is equal to
for some (µ 1 , µ 2 , µ 3 , µ 4 , µ 5 , µ 6 ) ∈ C 6 . In particular, we obtain a system of linear equations 
Arguing as in the proof of Lemma 4.19, we obtain a contradiction.
The assertion of Theorem 4.8 is proved.
Proof of Theorem 1.9
Throughout this section we use the assumptions and notation of Section 3. Suppose that Theorem 1.9 is false. Let us derive a contradiction.
Lemma 5.1. There is a G-invariant linear system M without fixed components on P 3 such that NCS(P 3 , λM) = ∅ and NCS(P 3 , λ ′ τ (M)) = ∅, where λ and λ ′ are positive rational numbers such that λM
Proof. The required assertion is well-known (see [10] 
Proof. This is easy (cf. the proof of [5, Lemma B.15]).
Without loss of generality, we may assume that mult C 6 (M) 1/λ. Then C 6 ∈ NCS(P 3 , λM). Note that the set NLCS(P 3 , 2λM) contains every center in NCS(P 3 , λM) by Lemma 2.8. However the set NLCS(P 3 , 2λM) may be non-empty even if NCS(P 3 , λM) = ∅ (see Example 3.11).
Lemma 5.3. Let Λ be a union of all curves contained in NLCS(P 3 , 2λM). Then deg(Λ) 15.
Proof. Let M 1 and M 2 be general surfaces in M, and let H be a sufficiently general hyperplane in P 3 . Then
by Theorem 2.5, which implies that deg(Λ) 15.
Lemma 5.4. The set NCS(P 3 , λM) does not contain any point in Σ 8 ⊔ C 6 .
Proof. Let M 1 and M 2 be general surfaces in M, and let Q be a general surface in Q. Then
which implies that NCS(P 3 , λM) does not contain any point in Σ 8 by Theorem 2.7.
Suppose that NCS(P 3 , λM) contains a point P ∈ C 6 . Put M 1 · M 2 = νC 6 + Υ, where µ is a non-negative integer, and Υ is an effective one-cycle such that C 6 ⊂ Supp(Υ). Then mult P (νC 14 +Υ) 4/λ 2 by Theorem 2.7. Let Θ be the G-orbit of the point P . Then |Θ| 24 by Lemma 2.15.
Let S be a general cubic surface in P 3 such that C 6 ⊂ S. Then
because C 6 is a scheme-theoretic intersection of cubic surfaces in P 3 . Thus ν > 8/λ 2 . Let H be a sufficiently general hyperplane in P 3 . Then
which implies that ν 8/(3λ 2 ), which is a contradiction, since ν > 8/λ 2 .
Lemma 5.5. The set NCS(P 3 , λM) does not contain the curve C 14 .
Proof. Suppose that C 14 ∈ NCS(P 3 , λM). Let us put µ = mult C 14 (M) and
Let us find an upper bound for µ. Let M 1 and M 2 be general surfaces in M, and let H be a sufficiently general hyperplane in P 3 . Then
which implies that µ 8/7/λ. Thus, we have 1/λ < µ 8/7/λ. Let us find a lower and an upper bound for m. LetC 14 andM be the proper transforms of the curve C 14 and the linear system M on the threefold U , respectively, let C be a general conic in E 1 ∼ = P 2 such that C 14 ∩ E 1 ⊂ C. Then |C 14 ∩ E 1 | = 3 and the points of the setC 14 ∩ E 1 are noncoplanar (see the proof of Lemma 2.11), which implies that the conic C is not contained in the base locus of the linear systemM. Hence
which implies that m 3µ/2. Thus, we see that m > 3/(2λ), since µ > 1/λ. Let us find an upper bound for m (a trivial upper bound m 2/λ follows by Lemma 5.4).
LetM 1 andM 2 be the proper transforms on U of the surfaces M 1 and M 2 , respectively, and letQ be the proper transform of a general surface in the linear system Q. Then
which implies that m 7/2/λ. Thus, we have 3/(2λ) < m 7/2/λ. Let υ : W → U be the blow up of the smooth curveC 14 , let F be the υ-exceptional divisor, letM andD be the proper transforms of M and D (see Lemma 3.16) on W , respectively. Then
LetD be a general surface inD. ThenD is nef by Lemma 3.16 and (5.6). LetM 1 andM 2 be the proper transforms on W of the surfaces M 1 and M 2 , respectively. Then
becauseD is nef and F 3 = −12. Putμ = µλ andm = mλ. One has
which easily leads to a contradiction.
Lemma 5.7. The set NCS(P 3 , λM) does not contain any point in C 14 .
Proof. Suppose that NCS(P 3 , λM) contains a point P ∈ C 14 . By Lemma 5.4, we have P ∈ Σ 8 , which implies that P is a smooth point of the curve C 14 , by Lemma 3.13. Choose M 1 and M 2 to be general surfaces in the linear system M. Put M 1 · M 2 = µC 14 + Υ + Ξ, where µ is a non-negative integer, and Υ and Ξ are effective one-cycles such that C 14 ⊂ Supp(Υ), every irreducible component of the curve Supp(Υ) intersects the curve C 14 by a non-empty set, and none of the irreducible components of the curve Supp(Ξ) intersects C 14 . Then mult P (µC 14 + Υ) 4/λ 2 by Theorem 2.7.
Let H be a sufficiently general hyperplane in P 3 . Then
which implies that µ 8/(7λ 2 ). Let Θ be the G-orbit of the point P . Then |Θ| 42 by Lemma 2.15. Let D be a general quintic surface in the linear system D (see Lemma 3.16). Then
which immediately leads to a contradiction.
Thus, the set NLCS(P 3 , 2λM) contains a center that is not contained in C 14 ⊔ C 6 .
Lemma 5.8. Suppose that NLCS(P 3 , 2λM) contains a curve C different from both C 6 and C 14 . Then C 14 ∈ NLCS(P 3 , 2λM), and if C 6 ∈ NLCS(P 3 , λM), then one has C 6 ∩ C = ∅ and deg(C) 9.
Proof. Let Z be a G-orbit of the curve C. If C 14 ∈ NLCS(P 3 , 2λM), then deg(Z) + 14 = deg(Z) + deg(C 14 ) 15 by Lemma 5.3, which is a contradiction, because there are no G-invariant lines in P 3 . Suppose that C 6 ∈ NLCS(P 3 , λM). Then deg(C) deg(Z) 9 by Lemma 5.3. Thus, to complete the proof, we must show that C 6 ∩ Z = ∅.
Suppose that C 6 ∩ Z = ∅. Then |C 6 ∩ Z| 24 by Lemma 2.15. LetZ be a proper transform of the curve Z on the threefold V (see (3.9)), and letS be a proper transform on V of a general cubic surface in P 3 that passes through the curve C 6 . Then
which implies thatZ is contracted by β by Lemma 3.7, since β(Z) is G-invariant. The only curves contracted by the morphism β are proper transforms of the lines in P 3 that are trisecants of the curve C 6 . Then β(Z) ⊂ C 6 , the subset β(Z) is G-invariant and |β(Z)| 9, which is impossible by Lemma 2.15.
It follows from Lemmas 5.4, 5.5 and 5.7 that the set NLCS(P 3 , 2λM) contains an irreducible subvariety that is not contained in C 6 ∪C 14 . In fact, we can say a little bit more than this.
Lemma 5.9. There are µ ∈ Q and S ∈ LCS(P 3 , µM) such that
• the inequalities 0 < µ < 2λ holds,
• the log pair (P 3 , µM) is log canonical along S,
• the subvariety S is a minimal center in LCS(P 3 , µM),
• the subvariety S is not a point of the set Σ 8 ,
• the subvariety S is neither the curve C 6 nor the curve C 14 ,
• exactly one of the following six cases is possible: (A) the log pair (P 3 , µM) has log canonical singularities, (B) NCS(P 3 , µM) = C 14 and S is a point such that S ∈ C 14 , (C) NCS(P 3 , µM) = Σ 8 and S ∩ Σ 8 = ∅, (D) NCS(P 3 , µM) = C 6 and S is a curve such that S ∩ C 6 = ∅ and deg(S) 9, (E) NCS(P 3 , µM) = C 6 and S is a point such that S ∈ Σ 8 , (F) NCS(P 3 , µM) = C 6 ∪ Σ 8 and S is a curve such that one has S ∩ (C 6 ∪ Σ 8 ) = ∅ and deg(S) 9, (G) NCS(P 3 , µM) = C 6 ∪ Σ 8 and S is a point such that S ∈ C 6 ∪ Σ 8 .
Proof. Let us show how to find µ and S in several steps. Put µ 1 = sup ǫ ∈ Q the log pair P 3 , ǫM is log canonical , and let S 1 be a minimal center in LCS(P 3 , µ 1 M). Then µ 1 < 2λ. If S 1 is a curve, then S 1 ∩ Σ 8 = ∅ by Lemmas 3.14 and 5.3, since S 1 is smooth by Theorem 2.10. If S 1 ∩ Σ 8 = ∅ and S 1 = C 6 , then we have the case (A) by putting µ = µ 1 and S = S 1 . Thus, to complete the proof, we may assume that either
Let us consider the mutually excluding cases S 1 ∩ Σ 8 = ∅ and S 1 = C 6 separately. Suppose that S 1 = C 6 . Put µ 2 = sup ǫ ∈ Q the log pair P 3 , ǫM is log canonical outside C 6 < 2λ, let T 2 be a center in the set LCS(P 3 , µ 2 M) such that T 2 = C 6 , and let S 2 be a minimal center in the set LCS(P 3 , µ 2 M) such that S 2 ⊆ T 2 . If T 2 is a curve, 25 then deg(T 2 ) 9 and T 2 ∩ Σ 8 = T 2 ∩ C 6 = ∅ by Lemmas 3.14, 5.3 and 5.8, since C 14 ∩ C 6 = ∅ by Lemma 3.13 and C 6 ∈ NLCS(P 3 , 2λM). If T 2 is a curve and S 2 = T 2 , then we have the case (D) by putting µ = µ 2 and S = S 2 . If T 2 is a curve and S 2 is a point, then we have the case (E) by putting µ = µ 2 and S = S 2 . If T 2 = S 2 is a point not in Σ 8 , then we have the case (E) by putting µ = µ 2 and S = S 2 . Thus, to finish the case S 1 = C 6 , we may assume that S 2 = T 2 is a point in Σ 8 . Put µ 3 = sup ǫ ∈ Q the log pair P 3 , ǫM is log canonical outside C 6 ∪ Σ 8 < 2λ, let T 3 be a center in the set LCS(P 3 , µ 3 M) such that T 3 ⊂ C 6 ∪ Σ 8 , and let S 3 be a minimal center in the set LCS(P 3 , µ 3 M) such that S 3 ⊆ T 3 . If T 3 is a curve, then deg(T 3 ) 9 and T 3 ∩ Σ 8 = T 3 ∩ C 6 = ∅ by Lemmas 3.14, 5.3 and 5.8, since C 14 ∩ C 6 = ∅ by Lemma 3.13 and C 6 ∈ NLCS(P 3 , 2λM). If T 3 is a curve and S 3 = T 3 , then we have the case (F) by putting µ = µ 2 and S = S 2 . If T 2 is a curve and S 2 is a point, then we have the case (G) by putting µ = µ 2 and S = S 2 . If T 2 = S 2 is a point, then we have the case (G) by putting µ = µ 2 and S = S 2 . Therefore, the case S 1 = C 6 is done, and we may assume that S 1 ∩ Σ 8 = ∅, which implies that the subvariety S 1 is a point in Σ 8 by Theorem 2.10 and Lemmas 3.14 and 5.3. Put µ ′ 2 = sup ǫ ∈ Q the log pair P 3 , ǫM is log canonical outside Σ 8 < 2λ, let T ′ 2 be a center in the set LCS(P 3 , µ ′ 2 M) such that T ′ 2 ⊂ Σ 8 , and let S ′ 2 be a minimal center in the set LCS(
is a point in Σ 8 , then T ′ 2 = S ′ 2 which implies that T ′ 2 must be the curve C 14 by Lemmas 3.14 and 5.3.
If T ′ 2 is a point, then S ′ 2 = T ′ 2 , and we have the case (C) by putting µ = µ ′ 2 and S = S ′ 2 . So, to complete the proof, we may assume that T ′ 2 is an irreducible curve.
If S ′ 2 = T ′ 2 , then S ′ 2 is a smooth curve such that deg(S ′ 2 ) 15 by Theorem 2.10 and Lemma 5.3, which immediately implies that T ′ 2 ∩ Σ 8 = ∅ by Lemma 3.14. If S ′ 2 = T ′ 2 = C 6 , then we have the case (C) by putting µ = µ ′ 2 and S = S ′ 2 . If S ′ 2 is a point not in Σ 8 , then we have the case (C) by putting µ = µ ′ 2 and S = S ′ 2 . Hence, to complete the proof, we may assume that either S ′ 2 is a point of the set Σ 8 and T ′ 2 = C 14 , or we have S ′ 2 = T ′ 2 = C 6 . Let us consider these cases separately. Suppose that S ′ 2 is a point of the set Σ 8 and T ′ 2 = C 14 . Put
Then T 3 is a point by Lemma 5.8, which implies that we have the case (B) by putting µ = µ ′ 3 and S = T ′ 3 . To complete the proof, we may assume that S ′ 2 = T ′ 2 = C 6 . Put µ ′′ 3 = sup ǫ ∈ Q the log pair P 3 , ǫM is log canonical outside C 6 ∪ Σ 8 < 2λ, let T ′ 3 be a center in the set LCS(P 3 , µ ′′ 3 M) such that T ′′ 3 ⊂ C 6 ∩ Σ 8 , and let S ′′ 3 be a minimal center in the set LCS(P 3 , µ ′′ 3 M) such that S ′′ 3 ⊆ T ′′ 3 . Note that C 14 ∈ LCS(P 3 , 2λM) by Lemma 5.8.
If T ′′ 3 is a point, then S ′′ 3 = T ′′ 3 , and we have the case (G) by putting µ = µ ′′ 3 and S = S ′′ 3 . Thus, we may assume that T ′′ 3 is a curve.
Then one has deg(T ′′
3 ) 9 and T ′′ 3 ∩ C 6 = T ′′ 3 ∩ Σ 8 = ∅ by Lemmas 3.14, 5.3 and 5.8, since C 6 ∈ LCS(P 3 , 2λM) ∋ C 14 . Finally, we put µ = µ ′′ 3 and S = S ′′ 3 . Then we 26 have the case (G) if the center S ′′ 3 is a point, and we have the case (F) if the center S ′′ 3 is a curve, which completes the proof. Let ǫ be any rational number such that µ < ǫµ < 2λ. Then it follows from Lemma 2.13 that there is a G-invariant linear system B on P 3 such that B does not have fixed components, and there are positive rational numbers ǫ 1 and ǫ 2 such that 1 ǫ 1 ≫ ǫ 2 0 and
the log pair (P 3 , ǫ 1 µM + ǫ 2 B) is log canonical at every point of g(Z) for every g ∈ G, and ǫ 1 µM + ǫ 2 B ∼ Q ǫµM. Let Z be the G-orbit of the subvariety S. Then one of the following cases is possible:
Let L be the union of all connected components of the log canonical singularity subscheme L(P 3 , D) whose supports contains no components of the subvariety Z. Then 
by Theorem 2.2.
Corollary 5.11. Suppose that Z is a finite set. Then Z contains at most 35 points, and Z imposes independent linear conditions on quartic surfaces in P 3 .
Lemma 5.12. Suppose that S is a point. Then |Z| = 24.
Proof. Suppose that |Z| = 24. Then Z = Σ 24 by Lemma 3.2, and there is a hypersurface F of degree 4 in P 3 such that Z \ S ⊂ F and S ⊂ F by Corollary 5.11. Thus, there is a unique point P ∈ C 6 such that P = S and F | C 6 = P + Z \ S ∼ F 4 | C 6 = Z, which implies that P ∼ S on C 6 , which is impossible, since C 6 is a smooth curve of genus 3.
Lemma 5.13. The subvariety S is a curve.
Proof. Suppose that S is a point. By Lemmas 3.2 and 5.12 and Corollary 5.11, we have |Z| = 28, because Z = Σ 8 . Without loss of generality, we may assume that Z = Σ 28 . Let M 1 and M 2 be general surfaces in M. Put M 1 · M 1 = Ξ + Λ, where Ξ and Λ are effective cycles such that Supp(Ξ) ∩ Supp(Λ) consists of finitely many points, 27 and Supp(Ξ) ⊃ Σ 28 ⊂ Supp(Λ). If S ∈ NCS(P 3 , λM), then mult S (Ξ) > 4/λ 2 by Theorem 2.7.
Let R be a general surface in R (see Lemma 3.19) . Then Supp(Ξ) ∩ R consists of at most finitely many points by Lemma 3.19 and Corollary 5.11. Thus, we must have 64 λ
which implies that mult S (Ξ) 16/(7λ 2 ). So g(S) ∈ NCS(P 3 , λM) for every g ∈ G.
Note that Σ 28 ⊂ C 6 ⊔C 14 by Lemma 2.15, since C 6 is smooth and Sing(C 14 ) = Σ 8 . It follows from Lemmas 5.4, 5.5 and 5.7 that the set NLCS(P 3 , 2λM) contains an irreducible subvariety that is not contained in C 6 ∪ C 14 ∪ Σ 28 . Put µ = sup ǫ ∈ Q the log pair P 3 , ǫM is log canonical outside C 6 ∪ C 14 ∪ Σ 28 .
The set LCS(P 3 ,μM) contains every point in Σ 28 . Ifμ > µ, then NLCS(P 3 ,μM) also contains every points in Σ 28 . It follows from Lemma 2.8 that µ < 2λ. Note thatμ µ.
Let Ω be a center LCS(P 3 ,μM) such that Ω ⊂ C 6 ∪ C 14 ∪ Σ 28 . Note that Ω does exist. Let us choose a center Γ ∈ LCS(P 3 ,μM) in the following way:
• if Ω is a point, then we put Γ = Ω,
• if Ω is a curve that is a minimal center in LCS(P 3 ,μM), then we put Γ = Ω,
• if Ω is a curve that is not a minimal center in LCS(P 3 ,μM), then let Γ be a point in Ω that is also a center in LCS(P 3 ,μM). Let ∆ be a G-orbit of the center Γ. Then ∆ ∩ Σ 8 = ∆ ∩ Σ 28 = ∅ by Lemmas 3.14, 3.17, 5.8, 5.3.
Letǭ be a rational number such thatμ <ǭμ < 2λ. Arguing as in the proof of Lemma 2.13, we obtain a G-invariant linear system B ′ on P 3 such that B ′ does not have fixed components. Moreover, we can choose positive rational numbersǭ 1 andǭ 2 such that 1 ǭ 1 ≫ǭ 2 0 and D) . LetL be the union of all connected components of the subscheme L(P 3 ,D) whose supports contain no components of the subvariety ∆. Then h 0 (OL ⊗ O P 3 (4)) 28, since Σ 28 ⊆ Supp(L).
Let I(P 3 ,D) be the multiplier ideal sheaf of the log pair (P 3 ,D). Then
by Theorem 2.2, which implies that Γ is not a point by Lemma 3.2. We see that ∆ is a curve. By Theorem 2.10, the curve ∆ is a smooth curve in 
By Theorem 2.10, the curve S is a smooth curve of degree d and genus g such that g 2d, which implies, in particular, that the case (B) is not possible by Lemma 5.8.
Let G S be the stabilizer subgroup in G of the subvariety S. D) ), and let r be the number of irreducible components of the curve Z. Then Proof. Suppose that r = 1. Then r 7 by Corollary B.2, which implies that
by (5.14). But g 2d. Then 4d − g + 1 5, which implies that g = p = q = 0, d = 1 and r = 7.
The induced action of the group G S ∼ = S 4 on the line S is faithful, which implies that S ⊂ F 4 , since G S -invariant subsets in S have at least 6 points. Then Z ⊂ F 4 , which contradicts q = 0.
Therefore, we see that Z = S.
Remark 5.16. Let I be the trivial representation of the group G. By Lemma B.8 we have
where W i is an irreducible representation of the group G ∼ = PSL 2 (F 7 ) of dimension i. Then p + q ∈ {2, 3, 4, 5, 10, 11, 17}, because p is divisible by 8. If S ⊂ F 4 , then p + q ∈ {0, 2, 3, 4, 5, 6, 10, 11, 12, 17}.
Note that there is a natural faithful action of the group G on the curve S. The assertion of Theorem 1.9 is proved.
Proof of Theorem 1.10
Throughout this section we use assumptions and notation of Theorem 1.10, and we identify the threefold X with its anticanonical image in P 13 (cf. Theorem 4.5). Suppose that Theorem 1.10 is false. Let us derive a contradiction.
Lemma 6.1. There is a G-invariant linear system M without fixed components on X such that NCS(X, λM) = ∅, where λ is a positive rational number such that
Proof. The required assertion is well-known (see [10] , [5, Corollary A.18] ). Proof. Let M 1 and M 2 be general surfaces in M, and let H be a general surface in the linear system | − K X |. By Theorem 2.5, we have
which implies that deg(Λ) 21.
By Lemma 2.8, the set NLCS(X, 2λM) contains every center in NCS(X, λM). Putμ = sup ǫ ∈ Q the log pair X, ǫM is log canonical < 2λ, let Σ 8 be the unique G-invariant subset of the threefold X consisting of 8 points (see Lemma 6.3), and let F be the unique G-invariant surface in the linear system | − K X | (see Corollary 4.6).
Lemma 6.3. Suppose that Σ 8 ⊂ LCS(X,μM). Then Σ 8 ⊂ NCS(X, λM), and the set NLCS(X, 2λM) does not contain curves that pass through a point in Σ 8 .
Proof. Takeǫ ∈ Q such thatμ <ǫμ < 2λ. By Lemma 2.13, there is a G-invariant linear system without fixed componentsB on X, and there areǫ 1 ∈ Q ∋ǫ 2 such that 1 ǫ 1 ≫ǫ 2 0 and LCS(X,ǫ 1μ M +ǫ 2B ) = Σ 8 , the log pair (X,ǫ 1μ M +ǫ 2 B) is log canonical, andǫ 1μ M +ǫ 2 B ∼ Qǫμ M. PutD =ǫ 1μ M +ǫ 2 B. Let I(X,D) is the multiplier ideal sheaf of the log pair (X,D), and let H be a general surface in the linear system | − K X |. The sequence of groups 
for every point P ∈ Σ 8 . Then NCS(X, λM) contains no points in Σ 8 by Theorem 2.7. Let Z be a G-orbit of an irreducible curve in X such that
by Lemma 2.11. Hence NLCS(X, 2λM) contains no components of the curve Z by Lemma 6.2, which implies that NLCS(X, 2λM) does not contain curves that pass through a point in Σ 8 .
To complete the proof, we must show that the base locus of the linear system D contains no curves that contain a point in Σ 8 . Suppose that this is not true. Let us derive a contradiction.
The base locus of the linear system D contains a curve C that is a G-orbit of an irreducible curve such that Σ 8 ⊂ C. Then mult P (C) 3 for every P ∈ Σ 8 by Lemma 2.11.
Let Q 1 , Q 2 , Q 3 and Q 4 be general points in X, and let H be a linear subsystem in | − K X | that consists of all surfaces that contain the set {Q 1 , Q 2 , Q 3 , Q 4 }. Then H ∩ D is a pencil, and the base locus of the linear system H contains no curves.
Let H be a general surface in H, and choose D 1 and D 2 to be general surfaces in the pencil H ∩ D. Then
since deg(C) = |H ∩ C|. Thus, we see that deg(C) 18 . Note that C ⊂ F , since Σ 8 ⊂ F . Therefore, we have
because C ⊂ F . Applying Theorem 4.8, we see that deg(C) = F · C = |F ∩ C| = 14 and C is smooth at every point of the set F ∩C. Then C is reducible by Lemma 2.15. 
because mult P (C) 3 for every point P ∈ Σ 8 . Therefore
Note that deg(C 1 ) = 1. Indeed, if deg(C 1 ) = 1, then |C 1 ∩ Σ 8 | = 2 and r = 28, because the group G acts doubly transitive on the set Σ 8 (see [15, p. 173] ), which is a contradiction.
Thus, we see that C 1 is an irreducible conic and r = 7, so that |C i ∩ Σ 8 | = 3. Let Π 1 be a plane in P 13 such that
, and the G-orbit of the line L 1 1 consists of 28 different lines, since G acts doubly transitive on Σ 8 . Now one can easily see that the G-orbit of the plane Π 1 consists of at least 28/3 > 9 planes, which is impossible since the G-orbit of Π 1 consists of at most r = 7 planes. By Lemma 6.3, the set NLCS(X, 2λM) contains a center that is not contained in Σ 8 . Put µ = sup ǫ ∈ Q the log pair X, ǫM is log canonical outside of the subset Σ 8 in the case when Σ 8 ⊂ LCS(X,μM). If Σ 8 ⊂ LCS(X,μM), then put µ =μ.
Lemma 6.4. There exist a minimal center in LCS(X, µM) that is not a point of the set Σ 8 .
Proof. This immediately follows from Lemma 6.3.
Let S be a minimal center in LCS(X, µM) such that S ⊂ Σ 8 , and let Z be its G-orbit.
Remark 6.5. If Z = S and S is a curve, then Z ∩ Σ 8 = ∅ by Theorem 2.10 and Lemma 2.15.
Let ǫ be any rational number such that µ < ǫµ < 2λ. Then it follows from Lemma 2.13 that there exists a G-invariant linear system B on X such that B does not have fixed components, and there exist positive rational numbers ǫ 1 and ǫ 2 such that 1 ǫ 1 ≫ ǫ 2 0 and
the log pair (X, ǫ 1 µM + ǫ 2 B) is log canonical at every point of the subvariety Z, and 
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Let I(X, D) be the multiplier ideal sheaf of the log pair (X, D), and let H be a general surface in the linear system | − K X |. Then
by Theorem 2.2, since L is at most a zero-dimensional subscheme. We have h 0 (O L ) ∈ {0, 8}.
Corollary 6.7. If Z is a finite set, then |Z| 14 and the points of Z impose independent linear conditions on surfaces in | − K X |.
Lemma 6.8. The subvariety S is a curve.
Proof. Suppose that S is not a curve. Then |Z| = 14 by Theorem 4.8 and Corollary 6.7, because we know that Z = Σ 8 . Note that Z is not contained in any surface in |−K X | by Corollary 6.7. Let R be a linear subsystem of the linear system |−2K X | that consists of all surfaces in | − 2K X | that pass through the set Z. Then its base locus consists of the set Z by [16, Theorem 2] .
Let M 1 and M 2 be general surfaces in the linear system M. Put M 1 · M 1 = Ξ + Λ, where Ξ and Λ are effective one-cycles such that Z ⊂ Supp(Ξ) and Z ⊂ Supp(Λ) and Supp(Ξ) ∩ Supp(Λ) consists of at most finitely many points. If S ∈ NCS(X, λM), then mult S (Ξ) > 4/λ 2 by Theorem 2.7. Let R be a general surface in the linear system R. Then
which implies that g(S) ∈ NCS(X, λM) for every g ∈ G.
By Lemma 6.3, the set NLCS(X, 2λM) contains a center not contained in Σ 8 ∪ Z. Put µ = sup ǫ ∈ Q the log pair X, ǫM is log canonical outside of the set Σ 8 ∪ Z .
Note thatμ
µ and S ∈ LCS(X,μM). Moreover, ifμ > µ, then S ∈ NLCS(X,μM), because S ∈ LCS(X, µM). It follows from Lemma 2.8 thatμ < 2λ.
Let Γ be a center in LCS(X,μM) such that Γ ⊂ Σ 8 ⊔ Z, and let ∆ be its Gorbit. Then ∆ ∩ Σ 8 = ∅ by Lemma 6.3. Note that ∆ ∩ Z = ∅ if Γ is a point and Γ ∈ NLCS(X, 2λM).
Suppose that the set NLCS(X, 2λM) does not contain curves in X that have a non-empty intersection with the set Z. Let us use this assumption to derive a contradiction.
Letǭ be a rational number such thatμ <ǭμ < 2λ. Arguing as in the proof of Lemma 2.13, we obtain a G-invariant linear system B ′ on X such that B ′ does not have fixed components. Moreover, we can choose positive rational numbersǭ 1 andǭ 2 such that 1 ǭ 1 ≫ǭ 2 0 and
PutD =ǭ 1μ M +ǭ 2 B ′ . Then Γ is a connected component of the subscheme L(X,D). LetL be the union of all connected components of the subscheme L(X,D) whose supports do not contains any component of the subvariety ∆. Then Z ⊆ Supp(L), which implies that h 0 (OL ⊗ O X (H)) 14, because NLCS(X, 2λM) does not contain curves that have a non-empty intersection with Z.
Let I(X,D) be the multiplier ideal sheaf of the log pair (X,D). Then
by Theorem 2.2. Thus, we have h 0 (O ∆ ⊗ O X (H)) = 0, which implies that Γ is not a point. It follows from Theorem 2.10 that Γ is a smooth curve of genus g such that H · Γ 2g − 1. By Remark 2.12, the curve ∆ is a disjoint union of smooth curves isomorphic to Γ. Then
which is a contradiction. Thus, there is a curve C 1 ∈ NLCS(X, 2λM) such that C 1 ∩ Z = ∅. Let C be the G-orbit of the curve C 1 . Then NLCS(X, 2λM) contains every irreducible component of the curve C, which implies that deg(C)
21. Hence, we have Z ⊂ C. But mult P (C) 3 for every P ∈ Σ 8 by Lemma 2.11. Thus, we have
where R is a general surface in R. Therefore deg(C) = 21 and mult P (C) = 3 for every P ∈ Σ 8 . Note that C ⊂ F , since Z ⊂ F . Thus
for every point P ∈ Z. So the curve C is smooth at every point of the set F ∩ C by Theorem 4.8, which immediately implies that C is reducible by Lemma 2.15. Put C = r i=1 C i , where C i is an irreducible curve and r ∈ Z >0 . Then deg(C 1 ) ∈ {1, 3}. But deg(C 1 ) + 1 |C 1 ∩ Z|, because the points of Z impose independent linear conditions on surfaces in | − K X |. We have 21
because mult P (C) 3 for every point P ∈ Z. Thus deg(C 1 ) = 1, r = 21 and |C 1 ∩Z| = 2. Since irreducible components of the curve C are lines and mult P (C) = 3 for every point P ∈ Z, we can easily see that each connected component of the curve C must have at least 4 components, so that C has at most 6 connected components. Then C is connected by Corollary B.2.
Let P be a point in Z, let G P be its stabilizer subgroup in G. Then G P ∼ = A 4 by Lemma B.1, and there are exactly 3 irreducible components of the curve C containing P , since mult P (C) = 3. Without loss of generality, we may assume that P = C 1 ∩ C 2 ∩ C 3 . The group G P naturally acts on the set {C 1 , C 2 , C 3 }, which implies that there is a subgroup G ′ P ⊂ G P ∼ = A 4 such that G ′ P acts trivially on {C 1 , C 2 , C 3 } and G ′ P ∼ = Z 2 × Z 2 . Note that C 1 is G ′ P -invariant. LetP be the point in Z ∩ C 1 such thatP = P , let GP be its stabilizer subgroup in G. Then Z 2 × Z 2 ∼ = G ′ P ⊂ GP ∼ = A 4 , because Z ∩ C 1 = {P,P }. But the group GP contains a unique subgroup that is isomorphic to G ′ P , which very easily (almost immediately) implies that every point of the set Z is G ′ P -invariant, which is impossible, since the group G acts faithfully on Z, because the group G is simple.
By Theorem 2.10, the curve S is a smooth curve of genus g such that deg(S) 2g − 1. By Remark 2.12, the curve Z is a disjoint union of smooth curves isomorphic to S. Let r be the number of connected components of the curve Z. Proof. Suppose that Z L(X, D). Then h 0 (O L ) = 8. It follows from (6.9) that r(d − g + 1) = 6 − q 6, since h 0 (O L ) = 0. But d − g + 1 1, which implies that r = 1. Therefore g d − g + 1 = 6 − q 6, which implies that g = 3 by Lemma 2.16. If S ⊂ F , then |F ∩ S| 21 by Lemma 6.2, which contradicts Lemma 2.15. We see that S ⊂ F . But q 6, so that q = 1 by Lemmas 4.5. Thus d = 7. There is a natural faithful action of the group G on the curve S such that every G-invariant divisor on S has even degree by Theorem 2.19. Hence d is even, which is a contradiction.
In particular, we see that the cases (B) and (C) are impossible. Proof. Suppose that r = 7. Then q = 0 by (6.9). In particular, we have S ⊂ F . Then |F ∩ Z| F · Z = 7, which contradicts Theorem 4.8, because F ∩ Z is G-invariant.
Lemma 6.12. The equality r = 1 holds.
Proof. Suppose that r 2. Then r 7 by Corollary B.2. If r 8, then d− g + 1 = 1 by (6.9), which implies that g = d 2g − 1, which leads to a contradiction.
We see that r = 7, so that 1 d − g + 1 2 by (6.9). Hence d − g + 1 = 2, since the equality d − g + 1 = 1 leads to a contradiction. Therefore, we have g = d − 1 2g − 2, which gives g 2 and d 3. Therefore g = 0 and d = 1, which is impossible by Lemma 6.11.
Thus, there is a natural faithful action of the group G on the curve S. We have d = 13 + g − q 2g − 1, which implies that q 14 − g. Note that g 14 − q 14. Then g ∈ {3, 8, 10} by Lemma 2.16. Lemma 6.13. The curve S is contained in the surface F .
Proof. If S ⊂ F , then |F ∩ S| 21 by Lemma 6.2, which is impossible by Lemma 2.15.
Applying Lemmas 4.5 and 6.13, we see that q ∈ {1, 7, 8}.
Lemma 6.14. The equality g = 3 holds.
Proof. Suppose that g = 3. Then g ∈ {8, 10}. It follows from (6.9) that q 14 − g 6, which implies that q = 1. Then d ∈ {20, 22}, which is impossible by Lemmas 2.20 and 2.21.
Thus, we have d = 16 − q, where q ∈ {1, 7, 8}. Proof. By Theorem 2.19, there is a G-invariant line bundle θ ∈ Pic(S) of degree 2 such that Pic G (S) is generated by θ. In particular, we see that d is even. But d = 16 − q and q ∈ {1, 7, 8}, so that d = 8.
Let Q be a surface in the threefold X that is swept out by lines. Then Q ∼ −2K X and the surface Q is irreducible by Lemma 4.7. Note that Q is G-invariant.
Lemma 6.16. The curve S is contained in Q ∩ F .
Proof. By Lemma 6.13, we have S ⊂ F . If S ⊂ Q, then |Q ∩ S| 2deg(S) = 16 which is impossible by Lemma 2.15. Thus, we see that S ⊂ Q ∩ F .
The surface F is a smooth K3 surface by Lemma 4.10. Then S · S = 0 on the surface X. Put Q F = mS + ∆, where m ∈ Z >0 , and ∆ is curve such that S ⊂ Supp(∆). Then (6.17) 16 = 2deg S = mS + ∆ · S = mS · S + ∆ · S = 4m + ∆ · S, which implies that |∆ ∩ S| 12. Hence, it follows from Lemma 2.15 that Supp(∆) ∩ S = ∅, since ∆ is G-invariant. Then ∆ = ∅, because Supp ∆ ∪ S is connected (see [17, Corollary 7.9] ). Now it follows from (6.17) that m = 4, which immediately leads to a contradiction, since 44 = Q · F · H = 4H · S = 32, where H is a general surface in | − K X |. The obtained contradiction completes the proof of Theorem 1.10.
Proof of Theorem 1.12. Suppose that the pair (X, R) is not log canonical. Put µ = sup ǫ ∈ Q the log pair X, ǫR is log canonical < 1.
Let S be a minimal center of log canonical singularities of the log pair (X, µR) (see [21] , [7] ), and let Z be the G-orbit of the subvariety S. Then dim(S) 1 since −K X generates the group Pic(X).
Take ǫ ∈ Q such that 1 > ǫ ≫ 0. By Lemma 2.13, there is a G-invariant Q-divisor D such that D ∼ Q ǫR, the singularities of the log pair (X, D) are log canonical, and every minimal center of log canonical singularities of the log pair (X, D) is an irreducible component of the subvariety Z.
Let I(X, D) be the multiplier ideal sheaf of the log pair (X, D). Then the sequence
is exact by Theorem 2.2. In particular, we see that Z is connected. By Lemma 2.9, the subvariety Z is irreducible. Hence, we must have Z = S. The variety X does not contain G-invariant points by Theorem 4.8. Thus, we see that S must be a curve. Then S is a smooth and rational curve Theorem 2.10, which is impossible, because the group G cannot act non-trivially on P 1 .
Appendix A. Prime Fano threefolds of degree 22
In this section we describe Mukai's constructions of prime Fano threefolds of degree 22. Let F (x, y, z) be a quartic form, let C be a curve in P 2 defined by F x, y, z = 0 ⊂ P 2 ∼ = Proj C x, y, z ,
, L 5 , L 6 be six different lines in P 2 .
Definition A.1. We say that 6 i=1 L i is a hexagon in P 2 .
Let l i (x, y, z) is a linear form such that the line L i is given by l i (x, y, z) = 0. Definition A. 3 ([30] , [31] , [37] ). The variety of polar hexagons to the curve C is VSP C, 6 = Γ ∈ Hilb 6 P2 Γ is polar to the curve C ⊂ Hilb 6 P 2 .
Put X = VSP(C, 6). Note that X is a smooth Fano threefold of anticanonical degree 22 provided that C is general (see [30, Theorem 5] , [31, Theorem 11] ). Below we will assume that X is smooth.
Put W = Spec(C[x, y, z]) ∼ = C 3 . Then F (x, y, z) ∈ Sym 4 (W ∨ ) and the partial derivatives of the form F (x, y, z) give an embedding φ : W → Sym 3 (W ∨ ). Suppose that C is not degenerate (see [13, Definition 2.8] ). Then every hexagon Γ ∈ X defines a six-dimensional subspace W Γ ⊂ Sym 3 (W ∨ ) such that φ(W ) ⊂ W Γ . This gives a rational map X Gr(3, U 7 ), where U 7 ∼ = Sym 3 (W ∨ )/W . The constructed rational map X Gr(3, U 7 ) can be extended to an embedding X ֒→ Gr(3, U 7 ). This gives an embedding X ֒→ P(Λ 3 (U 7 )).
There is a natural sequence of maps
